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ABSTRACT: In this paper, we prove the existence of Common fixed point for two pairs of selfmappings satisfying
generalized contractive condition through rational expression by using the weak subsequential continuity with
compatibility of type(E) in metric spaces.
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1. INTRODUCTION

In non-linear functional analysis, fixed point theory is indispensable due to its wide application to non-linear sciences
besides various research fields in mathematics. Banach contraction principle[1] has been generalized in various ways
either by using contractive conditions or by imposing some additional conditions on the ambient spaces. In 1976,
Jungck [4] introduced the notion of commuting mappings and established a common fixed theorem. Later, Sessa [13]
introduced a weaker notion weakly commuting mappings. Jungck [5] gave a generalization to the last notions. In the
direction of generalization of contraction conditions, in 1975 Dass and Gupta [3] established fixed point results using
contraction conditions involving rational expressions.

1. PRELIMANARIES

We denote ¥ = {y/1:[0,0) — [0, ) is non-decreasing, continuous and Y(x) = 0 < x =0}
and @ = {¢/¢: [0,0) - [0, ) is lower semi continuous and ¢(x) = 0 < x = O}
The following theorem is due to Dass and Gupta [3]

2.1 Theorem[3]:Let (X,d) be a complete metric space and T: X — X a mapping such that there exist a, § > 0 with
a + [ <1 satisfying
d(y, Ty)[1 +d(x, Tx)]

1+d(xy)

d(Tx,Ty) < ad(x,y) + B

forall x,y € X. Then T has a unique fixed point.
We use the following definitions in our subsequence discussion.

2.2 Definition[5]: Let (X ,d) be a metric space. Two selfmappings A and B on X are said to be compatible, if
Amd(ABx, BAx,) = 0, whenever {x, } is a sequence in X such that ,""%Ax,, = ,“mBx,, = t for some t € X.

n—oo

It is clear that “commuting” implies “weakly commuting” implies “compatible”.
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2.3 Definition[6]: Let (X,d) be a metric space. Two selfmappings A and B on Xare said to be compatible
mapping of type(A) if ,“md(ASx, S?x,) = 0 and ,“md(SAx, A%x,) = 0, whenever {x,} is a sequence in
X such that ,,““mAx,, = ,“"Bx, =t for some t € X.

2.4 Definition[10]: Let (X, d) be a metric space. Two selfmappings A and B on Xare said to be compatible mapping of
type (B) if

md(SAx, A2x,) < S [md(St, Axy,) + Jimd(St, S2x,)],

omd(ASx, S%x,) < 5 [imd(ASx, At) + 1 (AL, A2x,)]

whenever {x,,} is a sequence in X such that "\ Ax,, = ,“™Bx, =t for some t € X.

2.5 Definition[9]: Let (X , d) be a metric space. Two selfmappings A and B on Xare said to be compatible mapping of
type(P) if ,"d(A%x,,S%x,) =0 . .
whenever {x, } is a sequence in X such that ,"‘"Ax, = ,"“™Bx, = t for some t € X.

2.6 Definition[11]: Let (X, d) be a metric space. Two selfmappings A and B on Xare said to be compatible mapping of
type(C) if
. 1, . . .
nid(ASxy, S%2,) < 5 [ 2d(ASx, At) + (AL, S2x,) + (AL, A%x,)]

) 1. ) )
W (SAx, A22,) < 5 [ARA(SAX,, SE) + R (St, 5% x,) + ,A2d(St, Ax,)]
whenever {x,, } is a sequence in X such that ,"i"Ax,, = ,“‘"Sx, =t for some t € X.
Notice that, compatibility of type(A), compatibility of type(B) and compatibility of type(C) are equivalent under the
continuity of A and S.

2.7 Definition[7]: Let A and S be selfmaps of a metric space (X, d). The pair (4 ,S5) is said to be weakly compatible, if
they commute at their coincidence points.
i.e.,, ASt = SAt whenever At = Bt,t € X.

2.8 Definition[14]: Two selfmappings A and S of a metric space (X, d) are said to be compatibility of type(E), if
nBS?xn = ESAx, = At and ,FA%x, = NRASx, = St, whenever {x,} is a sequence in X such that "} Ax, =
AmSx, = t, for some t € X.

2.9 Remark: If At = St, then compatibility of type(E) implies compatibility (compatibility of type(A), compatibility of
type(B), compatibility of type(C), compatibility of type(P)), however the converse may not be true. Generally if (4,5)
is compatibility of type (E) implies compatibility of type(B).

2.10 Definition[15]: Two selfmappings A and S of a metric space (X , d) are S-compatibility (A-compatibility) of type
(E), if Jims2x, = 1imSAx, = At (respectively ' A%x, = imASx, = St) for somet € X.

Notice that if A and S are compatible of type(E), then they are A-compatible and S-compatible of type(E), but
the converse is not true. [See example 1[12]].

2.11 Definition[8]: Two selfmappings A and S of a metric space (X ,d) are said to be reciprocally continuous, if

AmASx, = At and ,mSAx, = St, whenever {x,} is a sequence in X such that ,}/™Ax, = ,imSx, =t , for some
teX.
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In 2009, Bouhadjera and Godet Thobie[15] introduced the concept of sub sequentially continuity as follows.

2.12 Definition[2]: Two selfmappings A and S of a metric space (X ,d) are said to be subsequentially continuous if
there exists a sequence {x,} such that
AmAx, = Wmsx =t for somet € X, ,mASx, = At and ,'\""SAx,, = St.

Itis clear that A and S are continuous or reciprocally continuous, then they are subsequentially continuous.

2.13 Definition[12]: Let A and S to be two selfmappings A and S of a metric space (X , d). The pair (A,.S) is said to be
weakly subsequentially continuous (wsc for short) if there exists a sequence {x, } such that AmAx, = Wmex =t, for
some t € X and """ ASx,, = At or ,/™SAx,, = St.

2.14 Definition[12]: A pair (4, S) of selfmappings is said to be S-subsequentially continuous if there exists a sequence
{x,} such that ,"™Ax,, = ,"mSx, =t , for somet € X and ,,"“"SAx,, = St.

2.15 Definition[12]: A pair (4,S) of selfmappings is said to be A-subsequentially continuous if there exists a sequence
{x,}such that ,'mAx, = ,“mSx, =t , for somet € X and ,"‘"ASx,, = At.

If the (4,5) is A-subsequentially continuous(or S-subsequentially continuous), then it is wsc. [see example
3[12]].

1. MAIN RESULT

The following is our main result.

3.1 THEOREM: Let (X, d) be a metric space and A, B, S, T: X — X are four selfmappings such that for all x,y € X,
Y EY, ¢ € P satisfy

P(d(Sx,Ty)) < p(M(x,y)) — d(M(x.y)) 1)

where

d(Ax,Ty)d(By,Sx) d(Ax,Sx)d(By,Ty)
M(x,y) = max{d(By,Ty),d(Sx,Ax),d(Ax, By), 1+dGxTy) ' 1+d(Ax.By) }
If the two pairs (4,S) and (B, T) are weakly subsequentially continuous (w.s.c) and compatible of type(F), then
A, B,S and T have a unique common fixed point in X.
Proof: Suppose (4, S) is wsc (suppose that A-subsequentially continuous), then there exists a sequence {x,} in X such

that lim Ax, = lim Sx, =z, for somez € X and lim ASx, = Az .-------- (2)
n — oo n — oo n — oo
Again A and Sare compatible of type(E), so
hm = pey = WM pey =57and
Tl? o0 nl—> o0
im 2 _ lim _
n_monn—n_moSAxn—Az. (3)

From (2) and (3) we have Az = Sz.
Since (B,T) is wsc (suppose that B-subsequentially continuous), there exists a sequence {y,} in X such that

lim lim o ' lim R,
nﬁan—n_)wTyn—z,forsomezeXandn_moBTyn—Bz. 4)
Also, the pair (B, T) is compatible for type(E), we have

lim L, _ lim R
" — o B Y= BTy, =Tz and

lim .., _ lim —p.
n_moTyn—n_)OOTByn—Bz. (5)

From (4) and (5), we have Bz =Tz’
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We prove Az = Bz  If Az# Bz, then
By (1), we get
Y(d(Az,Bz")) = P(d(Sz,Tz))
< YP(M(z,2)) — ¢(M(z,2))
Where M(z,z") = max {d(Az,Sz),d(Bz',Tz'),d(Az,Bz"),

d(AzTz)d(Bz'Sz) d(AzSz)d(Bz'Tz')
1+d(szTz) ' 1+d(4z.Bz)

d(Sz,Tz)d(Tz' Az)
1+d(Sz,Tz)

}

= max {0,0,d(5z,Tz"),

Therefore,
P(d(Az,Bz")) < y¥(d(Sz,Tz)) — ¢(d(Sz,Tz))

= Y(d(Az,Bz)) — ¢(d(Az,Bz)) < Y(d(AzBz),
a contradiction.
Therefore, Az=Sz=Bz =Tz
Next, we now prove that z = Az.
Suppose thatz # Az.
Now, we consider

Y(Ad(Sx, Tz') < P(M(xp,2)) — (M(xy,2))

where M(x,,z") = max{d(Ax,,Sx,),d(Bz, TZ'),d(Axn,BZ'),d(Ax"'Tz)d(Bz Sxn)  dldxnSxn)d(Bz 12)

1+d(Sxn,Tz") " 1+d(Axn.Bz) 1
Lettingn —» oo, we get
- d(z,Az)d(Az, z) d(z,Az)d(Az, z)
l/}(d(Z,AZ) < zp(max {O, O, d(Z,AZ),m , O}) - qb(max {O, O, d(Z, AZ), m

= P(d(z,Az)) - p(d(z,Az)) < P(d(z,A2))

,0})

a contradiction.

Hencez = Az = Sz.

Now we prove that z = z’

Ifz # z' then

\V(d(sxn rTyn)) < \V(M(xm yn) - ¢(M(xn1 Yn))

_ d(Axy, Tyn)d(Byn.Sxn) d(AxnSxn)d(Byn.Tyn)
Where M(x,,,y,) = max{d(4x,,5x,), d(By,. Ty,), d(Ax,, By,), "fmy(ng:) | "1"+d’;;x"£§z) Inly

Y(d(z,2)) < PY(d(z2)) — ¢(d(z,2)) < P(d(z2)),
a contradiction.

Hencez= Az = Sz = Bz = Tz.
Therefore z is a common fixed point of A,B,S and T.

On lettingn — oo, we get

Uniqueness:
Suppose that t # z is another common fixed point of A,B,S and T.
P(d(t,2)) = P(d(St, Tz)) < Pp(M(t,2)) — p(M(t 2))

_ (d(at,Tz)d(Bz,St)) (d(AtSt)d(BzTz))

where M(t,z) = max{d(At,St),d(Bz, T2), d(At, Bz), LULLDACED) (Aot }
=d(t, z)

Therefore, Y(d(t,z)) < Y(d(t,2)) — ¢(d(t 2)) < P(d(t 2),
a contradiction.
Therefore, t = z.
Hence z is the unique common fixed point of A,B,S and T.

Copyright to JIRSET DOI:10.15680/1JIRSET.2017.0603046 4137


http://www.ijirset.com

ISSN(Online) : 2319-8753
ISSN (Print) : 2347-6710

International Journal of Innovative Research in Science,
Engineering and Technology

(An 1SO 3297: 2007 Certified Organization)

Website: wwwv.ijirset.com

Vol. 6, Issue 3, March 2017

V. CONCLUSION

We prove the existence of Common fixed point for two pairs of selfmappings satisfying generalized contractive
condition with rational expression by using the weak subsequential continuity with compatibility of type(E) in metric
spaces.
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